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Abstract. In the paper we consider th e discrepancy method for sol ving uns table
multistage minimiution probknu.

K t )' llJord.r and p4ruu: multistage minimization problem, regulariaarion , discrep
ancy method.

\Ve shall consider the following problem of successive minimization, or, as
one calls it, multistage minimization problem. Let the functions Ii (z}, . . . , f p(x ),
gl( Z), . . . , g, (z ) are defi ned on some set Xo. At the first step we solve the mini
mization problem on the set Xo.. where

X o. ={zEX, :9j (z j < 0, j=l , . . . , m ; 9j (Z )=0, j=m+1. .. . ,9 } 1'0." ( I)

and fi nd
(2dx,. = (z E X, . : f llz ) = f ,. }·f l . = inf It ! z );x,.

Suppose that It. > - 00 , X,. # 0 . If at some (k- I)-th step (k > 2), h. ,. > - 00 ,

X" _ t. 1= 12I are already known, we then find

X•• = ( z EX,., . : h (z) = h .}. (2,)

e. t. c. At the end. at the last step, we find

fp . = inf fp(z) ;
Xp _ h

X p• = {e E X p.,. : fp l? ) = f, .} · (2,_)

The formulated p-stage minimization problem ( I) , (2), in which WP look for
!p . and at least one -point z p. E Xp • • appears in the game theory and in operngions



•
r~ <' r h [1 iiI :\ 1; n fOX mple of th.. two-stage mmumzet ron pro blem w" I

th- prob lem il l no rm al so lu tion of the o rd ina ry mmumaauon proble-m

L t IJ :'l u p po:>e that instead of the exact II(:~ ), 9J (Z ), we known o ldy .. r

pprox un lion I, , (z ), 9J ,, (.r), such that

.l \o., j = max{ max If,,(') - f'( ' )1 max Ig, , (,) - g, (' JI }
I<.<~ I:SJS'

z e X. , 0>0

co nve rges to zero. We can t ry then to rep lace the initial datil Ii ( r), 9) (z J in 1 .,
"" irh their approximations 11,(z), 9jj( Z) end by analogy with (21 )-( ~,), SUCC@'SSI .. e i r
determine /Ue nd the sets Xu • . and take t hem &S the approximations for [« , and
X•• , k = 1 2, . , p. However, this approach tha t looks so natural, in genera l
case can lead to a big error for very little errors in the initial data. because as
simple examples [5J show, problem ( I), (2) , generally speaking, is unstable relative
to perturbations o( the functions f; (r ), 9j (r ). For this reason , fo r solving th is
problem it is necessa ry to apply som e regularization method [3. 9- 12] . In what
follows, we will desc ribe and investi gate one of this methods- me thod of disc repancy

Let us suppose that X 0 is a subset of so me metr ic space }vf wit h met ric p( u , Ii J

and that t here exis ts p-s ta.bilizer n (.1 ). Let us remind [9. 10} that the Iunctiou
nC r ) is called a p-stabi lizer if O(z ) > 0 for all .1 E Xo and the se~ X o{c) = {z E
X o : n(.1) < c} is precom pact (or all c E R, i.e. (or every seq uence (z.d fro m .\o(c)
the re exists a subseque nce (X.l: ... ) that c-converges to a certa in poin t of .\If . Let us
assume that Xo_ ¢. 0, h. > - 00 , X.\: _ :# " for all k = 1, 2, .. . ,p a.nd that the
erro rs (3) of t he approximations h6(Z ), gj6(r ) are such that

Let

~(o,,) < 0(1 + 11(, )), , e X. , o > o. (~ )

W••(o ) = (, e X. : gr. (,) < 0(1 + 11(, )) , j = 1, .. . , 5},

wh ere:t = max{ O, zj } for j = I, ... , m , a nd z)+ = 1:) 1for j = HI + I • . . . ..~

No te t hat by (3 ) and (4 ), X•• C W••(o) l' " for . 11 0 > O. At each Slep of the
disc repancy method, one must so lve two min imiza t ion pro blems. At t he first step
o ne should a pproximate ly solve th e problem .:

z e w•.(o) , 9, = 9,(0 ) > 0

and dete rmine {I.(h) ::;;; inf"'o.I61l!atZ ) T 9IO{r )j with the precision 1'1 ::;;; ' 1I~ ~)

Then one uu ro duces the set Vd6) = {z E 1\'0. (6) : Ju~: ) < ft . ( l~ ) "1" ,lI } sol v ~

the rm-riruizatior problem 0(.1) - inf . z E Vd6). fi nds n \w(b ) = m(\ ' l lq !l( r l w u h

1./ e precruon c = r d 6) > O. anti. by the sam e token . d- te rmine- t he set

L..• '\.-1 0 ~, ~ " Lf"t U!; suppose t hat Ior CN l a.1O J.: > ~ H

I,ll ' t h pro blem JU( ZI ~ fftnf.ll -.. mf, r E \\'t _ .U· ) ~l

! I IH f . ( "' 1 m f H' h lo l dJt , l.r) +~. n (r l) '" til lh \ 1(' 1

,
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•
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.vu d the se t V.U\) ::: { z E \\'. _1.(6) f u (r ) < /J, .(fJ) + Ill} . N"XL, solvlII J; li l t"

problem 0 ( .1' ) - inf, z E V. (fJ ), w~ fi nd fl . .. (c5) = in f",. C' )O(z) with the JH f"C1S lU lI

q = q (S) > 0 and pu t

This process is completed when the se t Wr . (c5 ) is determined . For p ::: 1 the method
(5) turns in to the known method of d isc repancy for solvi ng unstable min imiaaucn
problems [9- 13j . In this paper. on the basis of the gene ra liza tio n of the method
fro m [131, we propose one rule for the cho ice of the parameters 8.dc5), Jl d 6 ), !db),
t hat guarantees cond it ions f ••(6) > - 00, V. (6) # 0, W••(6) # 0, k = I, ... , p,
p rove the co nvergence of t he method (5) and give the estimate of the convergence
rate.

TH EOREM 1. A ssum e tha t the f ollowing con di tio ns are sat isfie d :

1) Th e problem (1), (2) has a .alui io n , i. , . .'1'0. # 0 , t. . > - 00 , .'1'• • (6) # 0 ,
k = 1, ... , p, and, f or each fiud k . 1 < k < p , the minimization problem

f . (z ) - inf ,

z EX•• = {z E .'1'0 : 9j (Z) < 0, j = I , .. . , m; 9j (Z ) = 0, j = m + 1, ... , s ;

t. (z )-t. . < 0, ; = I, .... k -I } # 0 . (6)

sa t isfies the condition of the s trong consIS ten ce [141: there exist cons tants Akj 2': O.
i » I , ... IS, Pki > 0 , i::: 1, .. . , k -1 , such that

• . -1
f • • < f,( z) + L:A'j9t (Z)+ L: 1'"max{t. (z )-fi . ;O},

i=1 . =1
(0)

2) The se t X o is kn own ex ac tly, but. ins tead of the functi on s Ii (z ), gj (z ), theIr
approium at ions sa t isfying conditro n (4) ere known.

3} The parameters 111: ::: Bd6 }. Pk = pk(c5 }, !t = q. (6). are conSlS t l nt Wi th th e

er ror 6 > O. lluch tha t

•
IA.I I = L:>., , k = I , ... , I',

i =1
(8)

•
1,,(6) > M2'" 0 . ... 21A.ld - L:1,.,[(26'" O;(61)O. ... ~~ I" (~ ) '" S' ,(~)l, (91

1= I

O. = inf Orz) .
X, ..

( 10 )

Th en Ik . > - Xl . Vl:lb"} #- 0. I\'k. (fJ ) 1= 0, k = 1. .. . . p - I . and tilt [o llo un nq

es t lm ato are l'alid

Orr' < n . ~ ,;(~), r E 11',. (0),

max 1,( z) < ~I' (I -r- O• .,. , ,( 1'1) . r E 11',. (1' ),
I!; ~ .

( I I I

( I~ 1
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, - I

- 2b l ~ ,h (l + O. +<, (6)) - L. ~"PJ < !, (c ) - L, :s 13,(6) , z E W, . lb
J =1

.,Am 3, (6) = (26 + 9,(6))0. + 26 + 1' ,(6) + 6<,(6), i = I, . , p.

A .uumt that In addit ion 10 co ndit lo n~ 1)-3) tltt. following conditi on IJ Jatz,jit.d

4) Thtjt tXo IJI p~ cloj td. tht. !un etion,f. (z ), i= 1, ... ,p. gj (z ).} = 1, '

art lower p-um,co ntinuou.f on .\"0. O(z) i, p-Jtab iliu.r,

lim max (9. (6) + 1'. (6)) = 0, sup max <. (6) < + 00..-, t~ .I:~p ." l~.I:~p

ts, «
lim sup Ih {c) - h.1= 0, lim sup p( c ,X• • ) = O

1_ +0 W h (f) 1- +0 W h (' )

If together with 1)- 4) th t fo llow ing conditio n holdl:

5) O(z) iJ lower p·$cm ico ntinuo uJ on X o an d

lim <p(6) = 0,.-,

(14)

( 15)

(16 )

then

lim
6- +0

•

10( c) - 0. 1= 0, lim
6- +0

sup
lV .. ( 6)

pI c, X p •• ) = lagl7

where X p •• :::: {z E X I'. : O(.l) :::: fl.} il tht set 0/ the !l - normal solution., 0/ th t.
proble m ( I ), (2).

Note that the condi tion (i) is sa tis fied if Lagrange's function of the problem
(6), (2) has a saddle point (14). and tha t ~'j and ~'j in (7) can be taken to be
any estimates from above for the absolute values of Lagrange's multipliers . These
es timates can be obtained using numerical methods for determining the saddle
points of the problem (6) [14, 15}. In addition. in applied problems . Lag range 's
multipliers have often physical, economical or geometrical interpretation and their
estim ates can be obtained from practice .

PROOF. It follo ws from (3 ) and (4 ) that X, . C 11', . (6 )';''' and

j = 1. .. . s

From (7), taking into accou nt ( I i), we have

' -1
h . < h( z) + ~6( 1 + O(z) ' I ~ , I I + L.I'" m.x{/,( zl - !, ., 01.

i = l l !!)l

z E \Vo .(~), k = 1, ... oi'.

':'J ote also that
Xp• C Xp _ l • C . C Xo• ~ 11', • .

!. (zp . }=!' . ' z• • E Xr . , k= 1 . p. -



Ft~1 11l (3 ) , (·n u. t the inequalities (8). ( I ~) for k _ I, it Iollowe tha t

f .. ( z) + 8111 (z ) ~ f tlz ) - ~( l + l1 (z)) + 9111(z)

~ It - ~~ I~I h( I + l1(z )) - ~ (I + !l(. »)+ 8111( z )

~ It . - ~( I + ~I~dtl > - 00, for all z E Wo.( ~).

T herefore.

f ..[s} > fl . - ~ (1 + ~I~dtl > - 00. ( ~ I )

f rom here, t a ki ng into account that O(z ) > 0, Z E .Yo. we conclude tha t VICeS) i- 0,
111 . (~ ) > 0, W, . (~ ) f 121 for all 1'1 > 0, <, > O. Let us prove that VI (~ ) nXp. I' 121
for all .5 > O. More precisely, le t U~ ..hnw that 0 1... = Vd 6), where 0 1" is the fi rst
from the following sets:

where:

11,•• = 11, •• (v) = ( z E Xp • : l1(z) < 11 . + v} ,

0< «< min{A ;B }

k=I , ... , p - 1. (~2 )

(23)

I ~ I )

I( ;-1 ).4 = min s: 1'; - ~(2+11 . +~I~; I, ) - .L. I';, 13;
l<i<k J ::; I

B = min « ; (~ ) - 11. + 11; . (~))
1<1<1:- -

No te that n c.. O' 1:- 21 for all v > 0 by deficit ion of D.. . f or all y E D1•• , tak ing into
acc ount (4) and (20)- (23 ), we have

f .. (y) < It . + ~ ( l + 11. + v) < It. ( ~) + o( 1 + 21~ " ') + ~ (l + 11. + v ) < It . + 1'1 '

T his means that y E Vt(6 ). li enee. 111. C VI(~) for all v from (23). Then 11 1 ' (~ ) <
O(y ) < fl .. + II for all y E 0 1•• and setting 11- +0 we obt a in D1 . (eS ) < n O' . From
here and (5d we also ob ta in the estimate ( I I ) for i = I. Then, from ( 18) it follow s

(1 2) for i = I. Furt he rmore , taking into a ccount (4) a nd (I I ) for i = 1, we have

f tlz ) < f ,, (z )+ 6(1 +O(z )) < 1t . ( ~ ) +1'1 +E( 1 + 0 . + <tl

< f,, (y ) + 9, I1 (y ) + 1'1 + ~ (1 + 11 • .,.,, )

< It . + ~(l +11 . + v I + 9tll1 . +vJ + ~ (1 +11. +<tl+ 1'1

for all z E W,. (E), yEO, •• .

From here. set nru; II - O. we obta in the right hand Side inequality (13). The left
hand s ide inequeli ty (l3) follows from (10) for k = 1 a nd from the est ima te ( 11 )

fo r i = 1. F jnnlly. Ior nll y E Ot .. C Vd t5), t nki ng into account rn), (2:1). we have

f2 fYJ < n. - v < n1. ( <<5 ) + ~ d ~ ) . This means t ha t nl • • C W\ . ( aS ) . Suppose that
fo r some i.: > ::. t't _\{f) #. 0. nl: _I . ( <<5 ) :S fl • • n ~ _ l .. C \ ~ 't -t •• t~ ) r o . a nd tha t
es umates ( 11 )-1 13) fo r i = I .. . .• k - 1 a re c bta rued. Reasoning as in the proof of

the inequal ity l ~ 1 J and ta king in to acco unt the induc tive assumption v.le ob tain

'- I
fu( r) > 1> . - ~ ( I ~~ !~,I.l - L.J" ,J, > -ccc .

; =1
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It follows from here t hat V,,(~) i:- 0, lV• • (h" ) F 0 , (or all/JIt > O. (" i > O. Fur ther
more , t king into account (-I), (20), (22) - (2 -1) ant! the inclusions ntH c n t_I •• c
"',, _db ), w e h ve

' - 1
I .. (y ) < I• • + 6( I + 0 . + v) < I•• (6) + 6( I + 21~ . 1 d + L: ~ " P, + 6(1 ~ 0 . ~ v )

J= I

< 1••(6) + ~. ( 6 ) , for .11 yE O•••.
-,

This means that 0 ••• C V. (6) for .11 v from (23). Then 0, .(6) < O(y ) < fl . - v
(or a ll y E 0.\: •• • from where, se tting v - 0, we obt ai n t he inequali ty 0 • • (6) < fl .
From he re and from (S,d. it follows the es timate (1 1) for i =:: k . Then , from ( I e),
it follo ws the es ti mate (12) for i =:: k. Fur thermore , with the help of (4), (.i ,d. (20),

(22), (23), we have

I. {z ) < l u {z ) + 6{l + O(z » < 1t . (6) +~. + 6( 1 + 0 . + r,)

< l u (y) + 9.O (y) +M + 6{ 1+ 0 . + ,, )
< I, . + 6(1 +11 . +v)+9. (O.+v)+~. +6{ 1 + 0 . + ,, ),

for a ll z E lV.t. (6), y E fh .• C Vl: (h" ). From here, putting, v - 0, we obt ain the
right hand side inequality ( 13) for i =:: k. The left hand side inequality (13 ) is a
consequence of ( 19), the estimate (11) for i =:: k and the right hand side inequalities
( 13). F inally, for .1I -y EO•• • C V.(6), raking into account (21), (23) , we have
t hat O(y ) < 0 . + ~ < 0 •• (0) + « (6). This means that 11 ••• C IV• • (6), for k < p .

This com pletes the inductive reasonings. It follows that Ii . (h ) > -r- oc , Fi (o) ¥= 2 .
IV; . (6) # "', and t ha t the est imates ( 11 )-( 13) hold for i = 1, .... p-

The first equa lity (15 ) follows from (13), (14 ). This means that when the
conditions 1)-3 ) and ( 14) of Theorem 1 are sa t isfied, t he method (S) co nverges with
respect to fun ction values . Le t us prove the second equ a lity ( 15) which means the
convergence of the method with respect to the argument . sup posing t he conditions
1)-4) of the theorem . To this end. fix <lo y number k. 1 < k < p and denote
Wk(O ) = supp( z , X a:..). Let (6,) be a seque nce suc h that 8, > O. f = 1. ~ . . . _. and
01 - O. Then, for eve ry I E Ti , there exis ts ZI E ~V.l: . (0.1:) s uc h that

I - 1 .,
- • w ..... (.,-)-,

Note th a t Z / E Xo{cd = {z E .\0 : n( z) < CJ: = n . -+- sUPhOq (,"- n for all
IE ri . The se t X (q ) is p-comp act a nd t he se t X o is closed . sv t hat [choos in a a
subsequence if it is necessary} we can ass ume tha t t he sequence t r,} couver ces to

r , E .Yo. Taki ng into account tha t t he functions !1}( z ), j = I. . ..s. are lower
~'S em ic on t i nuo lls. one can co ncl ude t hat s , E X o• . The function III :) is lower 

semtconrinuous too. so tha t . using ( 13) , we ob ta in: fl . < fll r . J < lim h(r,l = fl .
i.e. fd r . ) = fl • • r; E XI . ' In the same \\' ny WP C;,\Tl , ! P rI \' P lha t I: p .) = [» ;
r , E :'<:2 . . .. . . !J:l r .) = /.1: ., r ; EX"• . lIe l1 cf" . lirn l-'l r " X c. ) == #1\r • . X t • =:

Therefore. [rorn (:~ r) ) Wp have that lim lI'd~ ,) = O. wluch 1I111'1i•.• ... the -ccon.i eqH<lllt\

10 ( 1.\ l. for k = I. d O.
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rm lIy, ulllC'that II r o nd it lo llS I )-5) o f Theorem I ,,, s ft t ,d i..d. COII.ld..,

( , in seq ue nce (01) such th at b, - 0 And 6, > O. Then t h"C', eX ls tll II. sequenc e
( z ,) so th t

sup jO(z) - 0 .1- 1/1 < O(z,) - 0 . ,
• eW•• ( I)

I :::; 1,2, ... (26)

Since z / E .'(0 (("1' )' lEN, one can assume that (z,) converges to z , E Xo- Usmg
that the functio n O(z} is lower p-semico ntinuous, in the similar way as above one
can ~erive t ha t O(z .):::; fl •. This means tha t e , e Xp.. . The fi rst equality in ( 17)
follows from he-reo The second equality in (1 i) can be proved in the simila r way.

RE~IARK I. One can have the impression that in the application of the method
(5), it is necessary, together with fl . (6 ), 001: . (6 ) to determine all the sets Wit . (is).
That is not true. In fact , it is enough to find the approximations 11: .(6) + Jl ,.(6),
k = 1, ... ,p, 0 .(6) +£1:(6). k = 1•. . . , p - l. and, on the last p-th step solve one
m inimiza tion pro blem:

O( z) - inf,

zE Vp (6) ={zE X , : g1i (' ) < 6(1 + 0(.)), j = 1, , ';

l u (' ) < 1,. (6)+ 1';(6) , i = 1, , p;

0 (. ) < min (0 •• (6) + <.(6)) } (2i)
l~ r~ p- 1

using any suitable method for this purpose (see for ex. [14, 15]. It is enough to
solve the problem (27) approximately wit h the precision ~p = ~p (6 ) > O. Namely.
it is satisfactory to find a poi nt Z = zp (6) so that

(28)

If the conditions 1)-1 ) of Theorem 1 are satis fied. we have t hat
,

lim p(zp(6), Xp. ) = 0,
' _+0

(29)

and in case when all conditions 1)- .i) are satisfied we also have tha t

lim p(zp(6), Xp •• ) = o.
6-+ 0

(30)

This means tha t 2'1' (6, ~~ / :o ,, (z ,.(6» can be taken as epproximations of the so lu
tions of the problem (I) , (2l. The eqti, !;!ies (20), (30) also mean that tbe o pe rator

1l , which to input data (/;, (.l ).9J ,, (z) , h) corresponds a point zp (h), is regulariz

in g [OJ .

The following theorem gives an estimate of the ra te of convergence of the
method (5) wit h respect to the argument .

THEOREM 2. A.J.I umc that thc condi tion., I )-3) of Theo rem l IITC J(diJficd and .Yo
U 4 d oJtd con vn s ub"' d of a BlInach spece B ; tAc /und,oru 9; (Z ), j = 1, ... , s ,

--"----------
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Jd.r), , J._ 1( Z). I < I: < p, art ron oJu on X o• flat l'.lnetlCIJI ft (z ) UI ,tt.rtl,
.ntform convez on X o walla tht cotfficrtnb of fht conllu rty lM' ,dt) f14} Thtn x.. . =
X ..,. = . = X• • = {.,.} and

,
II' - • ,.11 :5 ",,' ( 2hIA,1. (I + O. + «(h)) + .I:, ( ~ ,,12h(l + 0 . )

+ 9;(h)0. + ~i l h ) + h<,(h)j)). • E W, .(h). (31 )

tDhtrt ;J;I (~) i.. the inver.se Junction oj th e function ~ = ,-,.. ( t). PU = 1.

1/ all f~nctio n.s fl (z ), . . . , f,(r) are only convex on Xo, tht fw.netl on n (z )
is IIn etl, uniform ee nvee on Xo wl' h the coeffic ie n t of convtr i tv ;.;( 1) IInti ,/ tAt

probltrn

0(. ) - inl,

.EX•• ={. E Xo : 9j (' ) < 0. i=l ; 9j (' ) = 0. i=m+I , ,';
/; (. ) - /;. :5 0, i = 1 ,pl•

..ati.fiu th t c., ndition of tA e .Itong con......, en -.:e of the 'Vpt (7). then tht set Xpa
con....''"' of tht un£iUt po"nt zp. and

II ' - r •• 11 < ",-' (26IA.I.(1 + O. + <. (h))) +<.(h)

•+ I: ( ~;[2h(1+ 0 .) + 9, (h)O . +/'(h) + h<; (6)j) .
i =1

• E lV•• (h). (32 )

PROOF. It follows from the conditions of the theo rem that the sets X Oa , ' " , X pa

are convex and nonempty and that the set X It- consists of the unique point { z h}.
Then X.. = X,+,. = .. . = X•• = {...}. The function

• "- 1
CtC. ) = ftC. ) + I: A'j9t (.)+ I: ~" m ax {f,(.) - /;.; OJ,

J=1 i=l
• E Xo

is strictly uniform convex on Xo with the same coefficient of the convexity ,-,,, (0 as
tbe funct ion h (r ). In add it ion. Cdr ) > Gd r ,.) = I (r,. ) = h. for .11 . E Xo·
This means th"t the function G,, (z ) achieves minimum at the point L I: . Then. {14,
for z E -"'0. we have

",(lIr - ',. il) < G,(z) - G,(. , .)

-/.1· 1-1,·
•- ~~ Atjgj (T ) .

•=i

• 1

1',.....11, (. ) - I,. ,O }..,
The esrim ete ( .S! ) Iollo ... s from here And (rom th.. es irnat~ n:! l \ 1 \. The r m I _

in~ part r .I! ·!-e.....rem car, be proved in the similar w""y.

fro. ' It condit jons (141, ( 16) end the rimete ' 3 ~ 1 "'Ie ' I nclu th:\

lim l_ o """._11, II. - r • • 11 e- O.
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